Supersolid inflation is a class of inflationary theories that simultaneously breaks time and space reparameterization invariance during inflation, with distinctive features for the dynamics of cosmological fluctuations. We investigate concrete realizations of such a scenario, including non-minimal couplings between gravity and the fields driving inflation. We focus in particular on the dynamics of primordial gravitational waves and discuss how their properties depend on the pattern of symmetry breaking that we consider. Tensor modes can have a blue spectrum, and for the first time we build models in which the squeezed limit of primordial tensor bispectra can be parametrically enhanced with respect to standard single-field scenarios. At leading order in a perturbative expansion, the tensorto-scalar ratio depends only on the parameter controlling the breaking of space-reparameterization. It is independent from the quantities controlling the breaking of time-reparameterization, and this represents a difference with respect to standard single-field inflationary models.
Introduction
The simplest approach to inflation couples gravity with a single scalar field with a flat potential. The scalar field dynamics varies from model to model, but a common feature of all single-field inflationary models is the breaking of time-reparameterization of de Sitter space during inflation. This suggests that predictions of different inflationary scenarios can be understood in terms of the language of effective field theory applied to cosmology. Indeed, in appropriate regimes, the curvature perturbation R can be related with the Goldstone boson of the broken time-reparameterization of de Sitter space. This is the spirit of the effective field theory of inflation (EFTI), started with the work [1] (see also [2] , and e.g. [3] for a review).
One of the most interesting lessons of the EFTI is a new perspective to inflation, that can be seen as a symmetry breaking process. Such viewpoint naturally motivates the exploration of more general symmetry breaking patterns, besides the minimal one which breaks time-reparameterization only. For example, one can consider models which break also space-reparameterization during inflation. This is a possibility studied in systems with vector fields [4] or in models with scalars as solid inflation [5, 6] . Vector models of inflation are delicate since, in the minimal set-ups, the longitudinal vector polarization becomes a ghost around accelerating spacetimes [7] . This can be cured in scenarios as gauge or chromonatural inflation [8, 9, 10] , or in models where vectors are spectator fields: see e.g. the review [11] . The study of cosmological perturbations in vector models leads to interesting features, as possible breaking of isotropy in the scalar power spectrum, or a direction dependent squeezed limit of the scalar bispectrum: see e.g. [12] . Also models with scalar fields can lead to similar features. In solid inflation [5] , a set of three scalar fields interact derivatively, and spontaneously breaks space-reparameterization during inflation. The scalar curvature perturbation is characterized by a single dynamical non-adiabatic mode, which can be thought as corresponding to a phonon propagating in the 'solid' inflationary medium. Such set-up has several distinctive observational features: among others, a blue spectrum for tensor modes, and a direction dependent squeezed limit for the scalar three-point function (with different angular dependence with respect to the aforementioned vector models).
In this work, inspired by an EFTI perspective, we consider a scenario of supersolid inflation, in which a set of four scalar fields breaks both time and space reparameterizations during inflation (and the name supersolid is borrowed from condensed matter nomenclature [13] ). A similar scenario has already been considered in [14] , showing that the dynamics of curvature perturbations has interesting features: the scalar three-point function has a more general direction-dependent squeezed limit, which interpolates between the results of vector and solid inflation, a blue spectrum for tensor modes potentially detectable by future interferometers, like the Laser Interferometer Space Antenna (LISA) [15] and an enhanced three-point function for graviton-scalar-scalar fluctuations.
We reconsider the scenario of supersolid inflation adding some key ingredients, as a non-minimal coupling between the scalar fields and the curvature, with the specific aim to point out new features with respect to the primordial tensor power spectrum. We build concrete models where the dynamics of cosmological perturbations is straightforward to handle, and lead to interesting consequences for the properties of the tensor spectrum, which make them distinguishable from single-field scenarios of inflation. The main distinctive results are a parametrically enhanced tensor non-Gaussianity peaked in a squeezed configuration, and the identification of an interesting corner in parameter space where the tensor-to-scalar ratio is only controlled by the parameters which break space translation during inflation (and not by the slow-roll parameter H = −Ḣ/H 2 , which controls the breaking of timereparametrization). For simplicity, we do not study here the most general action compatible with our requirements, but we focus on the simplest scenarios with the properties we intend to investigate.
We summarize our results in the following bullet points:
• We start with Section 2, presenting the scalar-tensor action we build, with a new non-minimal couplings between the scalars and curvature. Inflationary models of supersolid inflation are conveniently described in terms of three dimensionless parameters, which control respectively the breaking of time-reparameterization, space-reparameterization and de Sitter invariance during inflation. We present two explicit models of inflation, one corresponding to a system in pure de Sitter space, the other to a model of power law inflation.
• In Section 3 we investigate the dynamics of tensor modes. For the first time in scenarios breaking space-reparameterization, we calculate the tensor action up to third order in perturbations. At second order in a perturbative expansion in the fluctuations, we find that tensors have both a mass different from zero, and a sound speed different than one. We compute the tensor power spectrum, confirming that tensor fluctuations can have a blue spectrum when the underlying geometry deviates from de Sitter [5] . At third order, the tensor action acquires contributions that are different from the ones characterising single-field inflationary models. We compute the corresponding contributions to tensor non-Gaussianity, finding a possible parametric enhancement of tensor bispectra in their squeezed limit with respect to single-field scenarios.
• Section 4 discusses the dynamics of scalar fluctuations. In a set-up as supersolid inflation, we expect two dynamical scalar modes: one associated with the breaking of time translations, the other with the breaking of space-reparameterizations. In the concrete models we analyse, the couplings among these two scalars can lead to an intricate coupled dynamics. Interestingly, we identify a corner in parameter space where the analysis simplifies considerably: we consider an expansion at leading and next to leading order in the parameter breaking time-reparameterization -while we keep an arbitrary size for the parameter breaking space-reparameterization. At leading (zeroth) order in this expansion, we find that only one scalar mode propagates, related to the comoving curvature fluctuation R, and the amplitude of its power spectrum is independent from quantities controlling the breaking of time-reparameterization. As an interesting consequence, in these sce-narios the tensor-to-scalar ratio only depends on the parameter breaking space-reparameterization contrarily to what usually happens in standard models of inflation driven by a single field. We discuss some ramifications of this feature for the effective field theory of inflation and the Lyth bound.
We conclude in Section 5 where we summarize our results and discuss possible future developments. Appendix A contains some useful technical details.
System under consideration
We consider a system of four scalar fields: φ and σ I , I = 1, 2, 3 whose vacuum expectation values (vevs) spontaneously break all isometries of de Sitter space during inflation. We wish to study the distinctive properties of fluctuations around specific configurations, focussing in particular on the consequences of our symmetry breaking pattern on the spectrum and bispectrum for cosmological fluctuations.
The explicit example of solid inflation [5, 6] shows how to build an action for a system of three scalar fields σ I , I = 1, 2, 3, with background values depending on the space coordinates. In such a system the scalar vevs spontaneously break space-reparameterization, but preserve the background isotropy and homogeneity of spacetime thanks to the following global symmetries
with O I J belonging to SO(3), and c I constants. These internal global symmetries maintain the spatial rotational and translational invariance of the background geometry during inflation. This is similar, in spirit, to the approximate shift symmetry φ → φ + const. usually required in single-field models of inflation for ensuring a nearly flat potential.
Here we use the same approach of solid inflation, but we add few key ingredients which allow us to explore new aspects of the consequences of these scenarios for primordial tensor modes. First, we include a scalar field φ with a time-dependent background profile, which couples non-derivatively to the σ I 's (similar scenarios were analysed in [16] ). The scalar φ can be thought as the standard inflaton field that breaks time-reparameterization invariance. Second, we add a (direct) derivative coupling of the scalars σ I to curvature, so that the scalar system is non-minimally coupled to gravity. This is a possibility that we discuss for the first time in the context of theories which spontaneously break space-reparameterization, and that -as we shall see -has interesting consequences especially for the dynamics of tensor modes. Hence, our model is composed by four scalars that spontaneously break both time and space-reparameterization invariance during inflation.
The scalar Lagrangian density non-minimally coupled with gravity that we build is the following
where q 1 , q 2 are constant dimensionless parameters, the functions f 1 (φ) and f 2 (φ) of the scalar φ are not specified for the moment -we will choose them conveniently according to the model examined -G µν is the Einstein tensor, the Greek indices µ, ν = 0, 1, 2, 3 denote spacetime coordinates, while I, J = 1, 2, 3 are internal indices. We use a mostly plus convention for the spacetime metric.
The previous scalar Lagrangian is the minimal one with the features we wish to investigate: -It describes a minimal set of four scalar fields, able to spontaneously break time and space reparameterization symmetries, by means respectively of the fields φ and σ I . The scalars σ I satisfy the internal symmetries (1) . Additional operators with the same properties can also be added (as done in [16] ) which involve derivative self-couplings of the scalars σ I . On the other hand, we checked that, although they can affect our results for the dynamics of scalar fluctuations, they do not qualitatively change our findings for what concern the features of the tensor spectrum; hence for simplicity we do not include them in this work.
-For the first time, we consider a specific non-minimal coupling to curvature of models of supersolid inflation, through the operator proportional to q 2 in Eq. (2) which includes the Einstein tensor. We do not intend to systematically study all the possible non-minimal couplings with gravity in supersolid inflation. Instead we focus on the simplest coupling compatible with the internal symmetries (1), and with distinctive consequences for the dynamics of tensor modes. This new operator proportional to q 2 will play a key role in characterising the dynamics of tensor fluctuations both at level of the power spectrum and of the bispectrum. Such coupling between Einstein tensor and derivatives of scalars is related with a (multifield) version of quartic Horndeski [17] , or to the FabFour [18] . In the context of single-field inflation, the application of Horndeski scalartensor theory of gravity, including non-minimal couplings with curvature conceptually similar to ours, was started in [19, 20] . The structure of this action is reminiscent of an f (φ)F 2 scalar-vector model [12, 21, 22] : indeed, also in our case as in [12] , we choose appropriately the functions f 1 and f 2 in Eq. (2) in order to find interesting cosmological dynamics.
To the previous scalar-tensor Lagrangian, we add the standard Einstein-Hilbert term for gravity
where M P l is the reduced Planck mass, and we can finally express the total action as
We consider a Friedman-Lemaitre-Robertson-Walker (FLRW) line element for the background metric
where a(t) is the scale factor. The positive dimensionless parameter
where H =ȧ/a is the Hubble parameter, accounts for any departure from de Sitter space (maintaining a FLRW Ansatz), H = 0 corresponding to a pure de Sitter spacetime.
Concerning the scalar fields, we adopt the following Ansatz for the background profiles
which spontaneously break time and space reparameterization invariance respectively. Indeed, the operations of sending t → t + const. and x I → x I + const. do not leave invariant the scalar background profiles. The dimensionless parameter λ 0 controls the breaking of space-reparameterization: notice that we adopt a simple linear Ansatz for the σ I . We do not instead specify the profile for φ, the field that homogenously depends on time, and breaks time-reparameterization. Such background profile will depend on the model of interest.
Using Ansatz (7), (8) , the background equations of motion associated with action (4) can be expressed as
where prime represents a derivative with respect to φ, and dot a derivative with respect to physical time. All the terms proportional to λ 0 are associated with the breaking of space-reparameterization. We introduce another positive dimensionless quantity
that characterizes the amount of time-reparameterization symmetry breaking associated with a timedependent profile for φ(t). Hence, to sum up, the symmetry breaking parameters at our disposal are In single-clock slow-roll inflation, H and φ are the same ( H = φ ), at least in a small 's limit. In our set-up, where broken space-reparameterizations can be included, more general possibilities can occur. In what follows, we will be mostly interested in regimes where φ , H are small, while the parameter λ 0 is not necessarily a small quantity.
For the rest of this Section, we present two concrete examples of background configurations which solve the previous system of equations for suitable choices of the parameters and the functions f 1 and f 2 . These examples provide background solutions around which we can study cosmological perturbations in the next Sections.
De Sitter background solution
By choosing appropriately the functions f 1 and f 2 , we find that our system of equations admits de Sitter space as an exact solution for the metric, even if the profile for φ(t) is not constant in time, nor are the σ I constant in space. This implies that we can have H = 0, even if φ and λ 0 are non vanishing. This shows concretely that the symmetry breaking parameters can be fairly independent in our framework. Concretely, we make the following choice for the functions f 1 and f 2
with H 0 a positive quantity with dimension of energy, and κ 0 a dimensionless positive constant. Assuming a constant scalar potential: V = V 0 , the system admits a solution with a scale factor corresponding to pure de Sitter space a = e H0 t ,
and a linear profile for the background scalar field φ
From the Einstein equations, evaluated in the de Sitter limit, we can see that the parameters involved are related by the conditions
and the Hubble parameter H 0 is given by
Since H 0 is constant H = 0, and the parameter φ (as defined in Eq. (11)) results
so it is controlled by the quantity κ 0 . Substituting these results in the expressions for f 1 , f 2 , we find that these two functions are proportional to the square of the scale factor
So to summarize, this configuration spontaneously break space and time reparameterization symmetries of the system through the fields vevs, although the background metric is de Sitter space with H = 0.
Power law background solution
Our system admits also a solution corresponding to power law inflation. We make the following choice for the functions and parameters involved
with
and p is a dimensionless constant. In order to ensure a real value of β we impose the following inequality
The solution for the background equations reads
The structure of these equations is the familiar one characterising power law inflationary models (see for example [23, 24] ). For what concern the symmetry breaking parameters in the power law set-up, we find that
Notice that while H is only controlled by the parameter p, the quantity φ depends also on other quantities. Hence in this case we can consider the two quantities H , φ as two positive independent parameters.
Dynamics of tensor fluctuations
Our first aim is to investigate the dynamics of gravitational waves around the background configurations examined in the previous Section. Tensor fluctuations represent an ubiquitous prediction of all the inflationary models and they reflect the features of the theory of gravity responsible for the accelerated expansion. Their predictions are more model-independent than scalar fluctuations and they represent a unique opportunity to provide information on the energy scale of inflation and on specific symmetry patterns that characterize the inflationary epoch. Other studies of tensor fluctuations in set-ups where space-reparameterization is broken include [25, 26] . Focusing only on tensor fluctuations (and neglecting vector and scalar perturbations) we express the perturbed FLRW metric as
We expand the spatial metric fluctuation up to third order in the tensor mode following [27] 
where h ij represents a first order, transverse (∂ i h (32) is particularly convenient for the expansion since it gives √ −g = a 3 . The action for the tensor modes is obtained plugging the metric (31) in the original action (4), and perturbing up to desired order around the background configuration of interest. The structure of the action to examine is the following
where φ is an homogeneous field only depending on time. See Appendix A for an expansion of each term of this action up to third order in tensor fluctuations.
Quadratic tensor action: tensor mass and sound speed
The first distinctive signatures of our scenario appear already at quadratic order: we now show that tensors have non-vanishing mass, and a sound speed different from unity. To study these properties we expand the action at second order in tensor fluctuations and get
where an overdot denotes a derivative wrt time. The tensor speed of sound and mass for general choices of f 1 , f 2 are
Due to the breaking of space-reparameterization through λ 0 = 0, the tensor mass and sound speed can acquire values different from the standard case of single-field inflation (i.e. m h = 0, c T = 1). The graviton mass is a distinctive feature associated with breaking of space-reparameterization while a tensor sound speed different from one is due to the non-minimal coupling of the scalars with gravity, and to the scalar-tensor kinetic mixing. We can now apply the previous formulae to the two scenarios discussed in the previous Section, pure de Sitter (Section 2.1) and power law inflation (Section 2.2). In both cases, the tensor sound speed is constant and it is given by
while the Planck mass gets "renormalised" to a value
due to the non-minimal coupling of our scalars with gravity (recall that q 2 , λ 0 are constant). In order to have a well-defined Planck mass, and a well-defined sound speed smaller than one, from now on we impose the following condition
Differences among de Sitter and power law inflation arise when computing the value of the graviton mass during inflation. For the case of pure de Sitter space, the graviton mass during inflation is given by
so we find a negative mass squared. This is consistent with the Higuchi bound, which states that in pure de Sitter space the graviton mass can not lie on the interval 0 < m 2 h ≤ 2H 2 [28] . We find that the graviton mass is proportional to the parameter φ controlling the breaking of time-reparameterization.
On the other hand for power law inflation we find
Since φ and H are positive, independent quantities, either sign of m 2 h can be obtained. This is consistent again with Higuchi bound, since we are not in pure de Sitter space since H = 0. We have to satisfy inequality (25) though, which leads to an upper bound for the graviton mass during power law inflation m 2 h, plw
so -if positive -it is suppressed by a parameter H . If we insist on a positive m 2 h , this parameter has to be small in a quasi de Sitter limit (but notice that, on the other hand, it can be large and negative, since there is no lower bound). Notice that the result in Eq. (43) generalizes Eq. (41): in the limit H → 0, the former reduces to the latter.
A non vanishing tensor mass m h = 0 indicates that tensor modes are not adiabatic fluctuations during inflation. This is usually associated with scenarios where inflation is not an efficient isotropic attractor: namely, anisotropic features do not necessarily decay exponentially. This is not necessarily a bad feature, and might lead to interesting observational consequences [29, 30, 31, 32] .
In order to compute power spectrum and bispectrum for tensor modes, we need to quantize tensor fluctuations, see for example [33] . Here we follow the notation of [34] and we write tensor fluctuations in Fourier space as
The Fourier modeh ij can be quantized and decomposed in terms of polarization tensors, and creation/annihilation operators
with e (s) ij indicating the polarization tensor with helicity s = ±2, satisfying the transverse-traceless condition k i e (s) ij = e (s) ii = 0. We adopt the normalization conditions: e (s) ij e (s ) ij = δ ss . We also use the following property e * (s) 
Requiring to match the Bunch-Davies vacuum at early time, we find that the mode function χ k is equal to
where we have introduced a new time coordinate dy = c T dt/a and H
(1) ν is the Hankel function of the first kind with
In order to be as general as possible we focus on the power law inflationary solution described in Section 2.2. The model around de Sitter space is a special case of the one discussed here, with H = 0. In the power law set-up we have
and now we are ready to compute the primordial power spectrum. The tensor two-point function is defined as
where we have introduced
Starting from the quantity
we can define the power spectrum for tensor fluctuations as P h (k) = k 3 /2π 2 P ij, ij and, focussing on large scales, we obtain
where c T k * = a H is the scale at the horizon exit, c T is the tensor sound speed andM P l is the renormalized Planck mass (38) . Considering a constant tensor speed of sound we can easily compute the tensor spectral index
where in the last two lines of the previous equations we focussed on the limit of small symmetry breaking parameters φ , H , which also imply small graviton mass. In our set-up of power law inflation, where H , φ , λ 0 are independent parameters, we can obtain n T ≥ 0 (but small if the 's are small), hence a blue spectrum, that is a distinctive signature of scenarios like solid inflation [5] . In standard single-field slow-roll inflation, instead, one has λ 0 = 0, φ = H , hence n T = −2 H (red spectrum).
Besides models which break space-reparameterization and lead to an effective graviton mass during inflation, other systems which produce a blue spectrum for primordial tensor modes include scenarios with particle production during inflation [35, 36, 37] , and set ups where tensors are sourced by spectator fields [38, 39] . See [40] for a comprehensive review, and [41] for a related analysis of the perspectives of future detection of primordial tensor modes with interferometers, like LISA. An advantage of our framework is that we only use the same fields that drive inflation, hence, by construction, we avoid the delicate backreaction issues which must be taken into account by other scenarios which make use of additional fields besides the inflaton.
It is important to emphasize that we do have both non-standard tensor sound speed and graviton mass during inflation. While in standard EFTI a combination of disformal and conformal transformations could bring the sound speed to one, as explained in [42] (but see also [43] ), in our case those operations would have implications for the quadratic term in the tensor action proportional to the graviton mass, and would change the scale dependence of the tensor spectrum.
Let us show this explicitly: we assume -as happens for our concrete example -that the tensor sound speed is constant. The combination of disformal plus conformal transformations which allows one to set the tensor sound speed to one is [44] g µν → c
with n µ ∝ ∂ µ φ. This transforms the spacetime metric to
We further rescale the time coordinate and the scale factor as t → c T a to express the metric in a standard FLRW form. The tensor action gets transformed to
hence, after the transformation, the tensor sound speed is one, but the graviton mass gets enhanced (if c T < 1). In such a frame, a large graviton mass would lead to a large value of the tensor tilt -see Eqs. (48) and (54).
Cubic tensor action and tensor non-Gaussianity
At the same level of scalar, tensor non-Gaussianity represents a powerful tool to discriminate among inflationary models and in particular the study of the bispectrum shape and amplitude can open the possibility to test consistency relations that are a valid tool to test symmetries in the early universe. In this Section we analyze tensor non-Gaussianity, a subject that so far has not been studied much in the literature. Other works discussing this topic include e.g. [45, 46, 47, 48] . We study the subject for the first time in scenarios breaking space-reparameterization revealing additional and distinctive features of this class of models. In order to compute the three-point function we expand the action (4) at third order in tensor fluctuations using (32) . For both the set-ups of pure de Sitter and power law inflation, we find the same structure for the tensor action at third order
with the renormalised Planck mass given in Eq. (38) . The third order action is composed by two terms:
• The first contribution T 1 depends on spatial derivatives of the tensor h ij , and is identical in structure to the one found in General Relativity (GR) around de Sitter space. The only difference is the constant overall factor. We compute the three-point function for the tensor mode h ij associated with the T 1 piece using the in-in formalism [27, 49] . As explained in the text, the parameter γ controls the amplitude of the squeezed limit of tensor bispectrum in our model, and how much it differs from the same quantity calculated in standard inflationary scenarios.
where H int is the interaction Hamiltonian obtained by the cubic action (60) . We obtain
where, following [34] , we have introduced the non-Gaussian amplitude A
T1 i1j1 i2j2 i3j3 , that results equal to
withÃ given byÃ
and
As anticipated, the momentum dependence for this three-point function is equal to the GR contribution around de Sitter space found in [34] , but the overall factor is different. In fact, the amplitude of the bispectrum is proportional to the factor γ given by
Interestingly, this factor can be well different from one. We can plot γ versus q 2 λ 2 0 , with the latter quantity varying within the range allowed by Eq. (39): we find that when taking the limit
the factor γ is large and negative, as shown in Fig. 1 . Notice that the amplitude of the bispectrum gets enhanced in the region where the tensor sound speed becomes small, see Eq. (37) . The tensor bispectrum we evaluated has its maximum contribution in the squeezed limit, as in the case of standard single-field inflationary models. In order to appreciate this feature more clearly, we focus on the two polarization modes defined as
Figure 2:
The plot is normalized to unity for equilateral configurations k 2 /k 1 = k 3 /k 1 = 1. The contribution to the tensor bispectrum associated with operator T 1 peaks in the squeezed limit.
We consider the amplitude A s1s2s3 and the shape of the bispectrum ξ
and we obtain
where F T1 coincides with the standard single-field inflation results found in [34]
We plot in Fig. 2 the amplitude of this first contribution confirming that it peaks in the squeezed limit k 3 → 0. While the shape is the same as in standard single-field scenarios, the amplitude is modified and can be enhanced through the factor γ, hence it might be easier to observationally detect.
• The second contribution T 2 is proportional to the mass of the graviton m 2 h and is distinctive of the scenario that we have considered. Such a contribution is expected when space-reparameterizations are broken, since there is no symmetry that prevents this term. It can be relevant in scenarios in which the size of the graviton mass |m 2 h | is large (although we will not consider these cases in what follows). Following a procedure similar to the first contribution T 1 , we find that
where A T2 i1j1 i2j2 i3j3 is now given by
withÃ
Like for the contribution T 1 we have A s1s2s3 T2 = e * (s1)
The plot is normalized to unity for equilateral configurations
where now F s1s2s3 T2 (k 1 , k 2 , k 3 ), using the properties of the polarization tensors, results
In Fig. 3 we plot the non-Gaussian amplitude correspondent to the contribution proportional to the mass of the graviton and we can see that also this contribution has its maximum amplitude in the squeezed limit. Hence, both contributions have their maximum amplitude in the squeezed limit. If we focus our attention in cases where the mass of the graviton is small during inflation, the first contribution is dominant and, as we have seen, it can be enhanced with respect to the similar contribution coming from standard single-field inflationary models. Our starting theory does not show any parity violation feature at the level of the action, so we expect that F −−− T1,T2 = F +++ T1,T2 . Using the properties of the polarization tensors we can also show, from (68) and (71)
, and again, since we do not have parity violation, we expect that F −−+ T1,T2 = F ++− T1,T2 . It would be interesting to find a mechanism to violate parity at the level of the action and study its features, as it happens in models that involve pseudoscalar fields [50, 51] .
We conclude this Section by noticing that our findings so far are relatively straightforward to investigate in our set-up of supersolid inflation with non-minimal coupling with curvature. It would be interesting to examine whether also in the original solid inflation scenario [5] there exist regimes where tensor non-Gaussianity can be parametrically large, and enhanced in squeezed configuration.
Dynamics of scalar fluctuations
After analysing the dynamics of tensor modes, we now pass to discuss some aspects of scalar fluctuations in our systems. Features of scalar fluctuations in models of solid and supersolid inflation have already been discussed in some length in the literature -see for example [5, 52] . Scalar fluctuations are characterised by a direction dependent squeezed bispectrum, an enhanced scalar-tensor-tensor threepoint function [53] , and a slow suppression of any background anisotropies during inflation [29, 30] . We now point out another property that distinguishes our system, and that we find interesting: at leading order in an expansion of φ and H (the parameters breaking time-reparameterization and de Sitter symmetry) the dynamics of scalar curvature fluctuation depends (mainly) on λ 0 , which is the quantity that characterizes the breaking of space-reparameterizations. This fact has interesting consequences for cosmological observables, like the tensor-to-scalar ratio r = P h /P R .
We adopt a convenient gauge choice for investigating the scalar fluctuations of the fields involved, which we call partially unitary gauge: we set to zero the fluctuation of the scalar φ, while we allow for a non-vanishing scalar component w for the fluctuations of the fields σ I responsible for spontaneously breaking space-reparameterizations. At linear order, our expansion of the fields and the spacetime metric around a background configuration reads
In our gauge, the scalar fluctuations include the modes N , B -which are not dynamical, and correspond to ADM constraints [54] -the mode A, and the mode w. All scalar fluctuations are dimensionless. We are especially interested to investigate the dynamics of A, and how it gets affected by the presence of w. Notice that in this work for simplicity we do not consider the dynamics of vector modes. The procedure we follow to determine the action for scalar fluctuations is standard (see e.g. [27] ). We substitute our Ansatz for the scalar fields and the metric in our initial action (4), and we expand up to second order in scalar fluctuations. The first order action determines the exact solution for the background level; using the latter, we derive the second order action for the four scalar fluctuations around the background configuration of interest. We discuss quadratic perturbations around the power law configuration described in Section 2.2, which contains, as special case, the expansion around the de Sitter solution studied in Section 2.1.
In general, one gets an intricate quadratic action mixing A and w. We show here that there is an interesting corner in the parameter space, characterised by H 1 and φ 1, where the dynamics of scalar fluctuations is relatively easy to investigate. We focus on this regime in this Section, although there might be other ranges of parameter choices that lead to interesting scenarios for the scalar sector. For investigating the system it is convenient to pass to Fourier space. In order to kinetically demix A from ω, it is useful to work with the quantityω, which connects ω and A through the relation
We first obtain the solution for the constraint equations at leading order in H , φ that reads
It is also not difficult to extend the previous solutions of the constraint equations at higher orders in the parameters, but for our purpouse the results of the above expressions are sufficient. Substituting the constraint conditions, we find that the second order action for the scalars with momentum k results
wherē 
Hence we have obtained the quadratic action for scalar fluctuations at leading order in an expansion of small parameters φ , H (but keeping λ 0 arbitrary).
These results deserve various comments:
• If we focus at zeroth order in an expansion in H , φ , we have only one scalar propagating fluctuation, the mode A. The action in this case simplifies to
Hence, the dynamics of A is controlled by the parameter λ 0 , characterizing the breaking of spacereparameterization. The sound speed c A for A lies in the interval 1/3 ≤ c A ≤ 2/3 (since q 2 λ 2 0 is limited within the interval of Eq. (39)). Scalar fluctuations acquire an adiabatic, almost scaleinvariant spectrum, as in single-field slow-roll inflation. In this limit, the graviton mass goes to zero and the large-scale anisotropies die out exponentially fast, since tensor modes behave adiabatically.
• When we include first order corrections in the small parameters H , φ , the system starts propagating the second scalar modeω besides A. In order to avoid ghost-like instabilities associated withω, we impose
Hence we need a positive mass squared for the tensor modes. The modeω is a tachyon with negative mass squared proportional to the Hubble parameter squared, see Eq. (88). On the other hand, such tachyonic instability is not necessarily an insurmountable problem, since in a largescale limit k aH (where the tachyonic instability becomes important) the coupling ofω with curvature perturbation is suppressed. At smaller scales, the tachyon instability is less important. It would be interesting to study in full detail possible consequences of this two fields scalar action and possible phenomenological applications, for example along the lines of the recent work [55] , also including the effect of interactions controlled by the action at third order in perturbations.
• We can also check what happens 'turning off' the parameter controlling the breaking of spacereparameterization. When λ 0 = 0, at leading order in slow-roll φ = H , all the terms in the action containingω vanish, and we are left with the standard quadratic action for A
that reproduces well known results (see e.g. [27] ).
• Another potentially interesting case can be obtained selecting φ = H (1 + q 2 λ 2 0 ). This leads to Q ω = 0, implying that the modeω does not propagate at leading order in perturbations (while it can acquire dynamics at higher orders in perturbative expansion). We will consider this special case in the next subsection.
• We do not study the scalar action expanded at third order in fluctuations since we expect that the study of scalar non-Gaussianity leads to results qualitatively similar to the ones already investigated in [14] , namely a direction-dependent squeezed limit for the curvature bispectrum. It would be interesting, on the other hand, to study the amplitude of the the three-point function h A A , given its potentially interesting observational consequences [56, 57, 58] .
Consequences for the tensor-to-scalar ratio
Our findings for the dynamics of quadratic fluctuations in the scalar sector have potentially interesting ramifications for what respects the tensor-to-scalar ratio r. We start to explore some aspects of this interesting topic in this subsection. For definiteness, we focus on a specific case of the results we have found above, at leading order in a φ , H expansion. Our aim it is not to study the dynamics of scalar perturbations in full generality, but instead to exhibit an explicit, simple example where the value of r does not depend on H , the parameter controlling the breaking of time-reparameterization, but on the parameter λ 0 controlling the breaking of space-translations. In general, the comoving curvature perturbation R is defined in terms of the gauge invariant combination
In the partially unitary gauge we are adopting, see Eqs. (75)-(77), we solved the constraint equations and determined an expression for the non-dynamical variable N in Eq. (79). For simplicity, in this Section we make the following choice to relate φ to H
We also assume that the combination q 2 λ 2 0 is small, although well larger than H ; in other words, we assume the hierarchy
A posteriori, we will verify that this condition is the most interesting one for phenomenological applications. Working on this corner of parameter space considerably simplifies the expression (79) for N , at leading order in the i parameters. Substituting the resulting expression for N in the definition (92), we obtain
Then, the comoving curvature perturbation depends on A and on its time derivative. In the previous Section, we learned that, at quadratic order, scalar fluctuations are governed by the action (81). Making the choice (93), the perturbationω does not propagate, and then can be integrated out: the resulting action describes a single fluctuation A with non-vanishing mass, propagating in a quasi-de Sitter space. The equations of motion for A can then be solved exactly in terms of Hankel functions and, at large scales k/aH 1, we find that the solution satisfies the relatioṅ
which is valid at leading order in H , and up to first order in an expansion in q 2 λ 2 0 . Substituting this result (96) in Eq. (95), we find in the same regime the following proportionality relation between R and A at large scales
We now have all the ingredients to compute the power spectrum for the comoving curvature perturbation R, following the same steps as done for the tensor spectrum. At large scales we find
plus corrections that are small in the limit of small H and q 2 λ 2 0 . Hence, we learn that the leading contribution to the amplitude of the large scale power spectrum for R does not depend on H , but on the combination q 2 λ 2 0 controlling the breaking of space-reparameterizations. On the other hand, we recall that the amplitude for the tensor power spectrum is (53)
where the second equality is valid at zeroth order in an expansion in q 2 λ 2 0 . Collecting these results, we find that, at leading (zeroth) order in an expansion in φ , H , and at leading order in q 2 λ 2 0 , the tensor-to-scalar ratio reads
Interestingly, for our choice of hierarchy (94), at leading order r depends only on the parameter λ 0 which spontaneously breaks space-reparameterization, and not at all on H . Assuming an upper bound on the tensor-to-scalar ratio r ≤ 0.1 consistent with the latest CMB constraints [59] allows to extract a limit on the (combination of) parameters q 2 λ 2 0
which motivates our choice (94) of relatively small combination for q 2 λ 2 0 . As far as we are aware, this is the first example of inflationary scenario where the tensor-to-scalar ratio is not proportional to H .
It is important to emphasize that this bound on q 2 λ 2 0 only applies in the particular region of parameter space we examined: there might be other interesting regimes to investigate scalar fluctuations, without imposing a hierarchy as (94), where the tensor-to-scalar ratio shows a different behaviour. However, considering this case for the moment, it is interesting to study the connection among our result and the issue of the Lyth bound. For single-field set-ups where only time-reparameterization is broken, the Lyth bound [60, 61, 62] relates the tensor-to-scalar ratio r with the field excursion ∆φ of the inflaton field during inflation. A conservative value of r of order 10 −2 requires that the inflaton field excursion is larger than the Planck scale. Such large-field excursions are dangerous, since it is expected that Planck-scale quantum gravity effects can spoil the flatness of the potential (and the approximate global shift symmetry φ → φ + const.) required to sustain a sufficiently large period of inflation. See e.g. the recent [63] for a discussion in the context of string theory. In our set-up, we find that there is no relation between r and the excursion of the field φ: large values of r are compatible with sub-Planckian values of φ, hence avoiding the problem. On the other hand, we do have field excursions on the space-like directions x I , associated with σ I . It is not clear to us whether spatial field excursions should be limited in extensions by some versions or generalisations of the Lyth bound, if one again wishes to avoid symmetry breaking induced by quantum gravity effects. We plan to investigate this topic in a separate paper, also applying the findings of the recent work [64] .
Conclusions
In this paper we examined the dynamics of cosmological fluctuations in concrete scenarios of supersolid inflation, a framework which spontaneously breaks both space and time reparameterization invariance through the vacuum expectation values of scalar fields driving inflation. We have included a nonminimal coupling of scalar fields with gravity. Our main motivation was to show that this framework can provide qualitatively new features for the dynamics of cosmological fluctuations, which can not be reproduced in frameworks that do not break space-reparameterization, and that can lead to new ways to test the pattern of symmetry breaking during inflation.
We focussed in particular on the tensor sector, including for the first time in this context an analysis of tensor non-Gaussianity. In these scenarios, tensor modes can have a non vanishing mass and a non trivial sound speed. This confirms that primordial gravitational waves can have a blue spectrum, which make them easier to detect at smaller scales [41] . Tensor non-Gaussianity have also distinctive features specifically associated with the pattern of symmetry breaking that we have considered. The third order action for tensor modes has two contributions: one with the same structure as the usual one derived from General Relativity (but with a different overall coefficient), the other is new and specific of our simmetry breaking set-up. We found that the tensor bispectrum is peaked in the squeezed limit, with an amplitude that can be parametrically larger than in standard single-field scenarios of inflation. It would be interesting to investigate whether a large amplitude for the squeezed limit of tensor bispectrum can facilitate the detection of tensor non-Gaussianity, for example inducing large scale anisotropies in the tensor power spectrum, analogously to what happens in the scalar case.
We then analysed the dynamics of scalar perturbations. In general, in this kind of scenarios, two scalar modes propagate and we found that the analysis simplifies considerably at leading order in an expansion in the small parameters breaking time-reparameterization and the de Sitter symmetry -while keeping a larger size for the parameter controlling the breaking of space-reparameterization. At leading order in such expansion, only one scalar mode propagate, which at large scales can be identified with the comoving curvature perturbation R. At next to leading order, a second mode becomes dynamical, with a tachyonic instability whose effects can be suppressed by the small expansion parameters.
The fact that, at leading order in our expansion, the amplitude of curvature fluctuations is dictated by the parameter controlling the breaking of space-reparameterization is an interesting feature of our set up. As a consequence, in this regime the tensor-to-scalar ratio r is independent of the parameter H which controls the breaking of time reparameterization during inflation, as usually happens. Instead, in our case, for the first time we determine scenarios where r depends on quantities controlling the breaking of space-reparameterization. It would be interesting to investigate in more details the consequences of these findings for the effective field theory of inflation, and for issues related to trans-Planckian field excursions and the Lyth bound.
